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5 Vector Functions

5.1 Limit and Continuity

‘The students are familiar with properties of real valued functions. Now
we will define functions whose domain is the set of all real numbers and
the range is a set of vectors. Since in many applications we will use
three-dimensional vectors we give the following definition.

Definition 5.1 If corresponding to the real number ¢ a function assigns
uniquely determined vector 7 =< , ¥, 2 > in three-dimensional space,
then the function

_
k

) =2l) 7 +yt) T + 2(2) (5.1)

is called a wector function in R.

It is clear that the components z, vy and z of a vector function 7 are
real-valued scalar functions « = z(t), y = y(¢) and z = z(t) and we will
called them the components functions of r .

We can write vector functions as 7 (¢) = < x(t), y(t), z(t) > and they
satisfy all Laws of the Vector Algebra. Also, the components of a vector
function satisfy all properties of the real valued functions.

Definition 5.2 If the limits of all components of vector functions exist,
then the limit of a vector function 7' (t) = < z(t), y(t), 2(t) > is

lim 77 (¢) = < lim 2(t), lim y(¢), lim 2(¢) > .

t—tg t—tp t—tg t—tg

Definition 5.2 shows that the limit of a vector function can be obtained

by taking the limits of its components . It is easy to verify that if the

limits thr? (), thr? T o(t) and thr? f(t) exist , where f(t) is a scalar
—1lo —1o —1Q

function, then
L lm [71(¢) + 7a(t)] = lim 71(¢) + lim 7 5(¢).
t—to t—tg t—to

2. Iim[f()71(t)] = Jim f(t)tliptq T 1(t).

t—to

t—to t—tg t—tg
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4. m [71(t) x To(t)] = lim 7, (¢) x lim 7 5(t).
t—tg t—tg t—tp
Ezrample 1. The limit %m% 7 (t) of the function 7 (t) = (Vt — 3)7 +

sin ot —

i
tantj + k is

sint

iy 70) = (v~ 9] 7+ [imean 0] 7+ [y TV F

— —
=-31 +5k.
Example 2. Let T T(t) = (1+t) i —(tz-l)] + (2t +5) % and Ta(t) =
1=
3y + 1 T +2 % Using Property 3 we obtain

lim (1 (2). 72(0)] = limg 71(¢). lim 7(0)

— Q7T +TE).(7 + 7 +2%) = 16.

Definition 5.3 A vector function 7' (t) = < 2(t), y(t), z(t) > is con-
tinuous at a point ¢g if

lim 7 (t) = 7 (to) = < (to), y(ta), z(to) >

t—ip

According to Definition 5.2 it is easy to verify that _7?(75) is continuous
at 2o if and only if all its components are continuous at t,.

Definition 5.4 The graph of a continuous vector function 7 (t) =
-y — —

z(t) i +y(t) j +2(t) k fort € [a, b] is the set of all points M (z(t), y(t), z(¢))

with position vector 7 (t) = < z(t), y(t), z(t) >. (Fig. 5.1)

5.1

We can see from the F1g 5.1 that the graph of a continuous vector

function 7 () = (t) i +yt) g+ z(¢) K for t € la, b] is a three-
dimensional curve (c) or a space curve. Each point M(z, y, z) on (c)
has coordinates

(c): z=2(t), y=y), z=2z2(), tela, b (5.2)
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The equations (5.2) are called parametric equations of (¢) and t is called
a parameter. When the parameter ¢ takes all values in the interval [a, b]
the vector 7 (t) = a:(zf)bz_> + y(t)7 + z(t)? shows the position of each
point on (¢). Therefore, all space curves can be represented as graphs
of vector functions. In particular case when the vector function 7 (¢)
has two components we can represent the plane curves.

Ezample 3. For the line | through the point My(4, 5, 2) and parallel to
the vector @ = < —1, 3, —1 > a vector parametric equation is
): T =47 +55 42k +A(—7 +37 — &)
or —> — —
) : 7 =@A-Ni+6GB+E3NT+2-Nk.
Thus the line (/) can be represents as a graph of the vector function
> — —
T =4—-t)i +(5+3t)j +(2—1t)k, where t € R.
Ezample 4. The curve in the zy-plane with parametric equations

(c): x=Rcost, y=Rsint, te|0,2n], R>0

is a circle centered at the origin O(0, 0) with radius R. The parameter ¢
represent the angle between the positive z—axis and the position vector
of a point in the circle.(Fig. 5.2)

Fig. 5.2

5.2 Derivatives and Integrals

In the previous section we defined the limit of a vector function by the
limits of all its components. Similarly, we can define the derivatives.

Definition 5.5 The derivative of a vector function 7 (t) = :E(t)hz_> +
y(t)?%z(t)z> at a point ¢ = to, is defined as 7' (to) = limy,_o MFM
if the limit exists; otherwise, 7 (¢) does not have a derivative at t = t,.
In general, at ¢,

— —
iy . TEHR) =TT (t)
Tt = Jim h '

When a vector function has a derivative at a point, we say it is
differentiable at that point. A function 7 (¢) is said to be differentiable



77

on an interval I = (a, b) if it is differentiable at every point ¢ in this

interval. The notation & ( ) is also used for the derivative of a function

d
Tl =T,

at t, i.e.

Since
T(t+h)— T (2)

>

_z(t+h) —x(t)7+ (t+h) y(t )7+ 2(t+h) — z(t)zy
h h
then it is clear that a vector functwn is differentiable if and only if its
components are differentiable and

T =) +y )T + )k, (5.3)
The equality (5.3) gives a convenient method to calculate the derivative
of a vector function; just differentiate each its components.
Ezample 1. The derivative of the vector function 7 (t) = (2 + t5)_z') +
— —
Vtj +cos3tk is

— a1 - a7
rE) =51 +—=j —~3sin3tk.
(t) N
The following theorem can be proved easily from Definition 5.5.

Theorem 5.1Assuming that 7 1(t) and 7 4(t) are differentiable vector
functions, then

L k7)) = k7 (t) for any constant k.
2. [71(t) + 72@)) = 7)) + Tht).
3. [f(0). 710 = f (T 1) + T f(2)

for any differentiable scalar function f(t).
4. [71(8). 750 = TL).7o(t) + 71(t). 7L(0).
5. [71(t) x o)) = Ti(t) x Tot) + 71(t) x 7ht).
6. [71(f(O)) = SO 7 (F (1))

Jor any differentiable scalar function f(t). (Chain rule)
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Ezample 2. The derivatives of the functions 7" (¢) = 275 — 7 + 3tk
— — — - —
and 7'5(t) = —4t i +sint j —t*k are 7 (¢) =2t +3k and ThH(t) =
— — —
—414 +costj —3t*k . Hence the derivative of their cross product
-y — .
T 1(t) X To(t) is

S0 x Talt)] = F4(0) x Falt) + 71(8) x 740

—d — — — — —
i j k i j k
= 92 0 3+ =1 3t
—4t sint —t3 —4 cost —3¢?

—

= —3sinti + (2 — 1207 + (2t sint) k
(3t~ Btcost) i + (34 —12)7 + (2 cost — 4) k

= (3t> — 3t cost — 3 sin t)? + (5t* — 24t)7 + (t? cost + 2t sint — 4)?

Notice that the same result can be obtained by calculating the cross
product 7°1() x 7 4(t) and then differentiating its components.

Just as for real functions we can defined the higher order derivatives of
vector functions, i.e. 77(t) = 7(t), 7" (t) = T"(t), etc.

Ezample 3. The second derivative of the vector function 7 (t) = 7~
—> —>
ety +2costk is

TU() = 42657 — 25¢™ 5 —2costk.

Again using components we give the following definitions of indefinite
and definite integral of vector functions.

Definition 5.6 The vector function ?(t) = X(t)? + Y(t)7 + Z(t)?
is an antiderivative for the vector function 7 (t) = :c(t)7> + y(t)7 +
z(t)? on the interval I if ?’(t) = T7(t) for all t € I. The set of all
antiderivatives of 7' (¢) on I is called the indefinite integral of 7 (t) on
I

From Definition 5.6 we can obtain the following
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Theorem 5.2 Assuming that the integrals of the components on I exist,
then

Jrwa=[[awa] 7+ [ [y a] T [ [20a]F

The definite integral of a vector function is defined as follows

Definition 5.7 If the definite integrals of the componerlgs exist, glen

the definite integral of the vector function 7 (t) = z(t) i +y(t)j +
—

z(t) k on the interval [a, b] is

/ab?(t) dt = [/abx(t) dt]7+ [/aby(t) dt}?-{— [/bz(t) dt]?.

a

->
Ezample 4. For the vector function 7 (¢) = t7 — 4t37 + 3%k we have

that
/?’(t)dt: [/tdt]TJr [~4/t3dt]7+ [/3%&]?

t2

- 4 - -
el ool 4 [l
2 n3
2 — 3t - -
= —4 —tty — k C
9" ‘7+ln3 e

— — — —>
where C =c¢1 1 +cj +esk.

Ezample 5. For the vector function 7'(¢) = sinti +2costj —4k
we have that

T

/j?’(t)dtz [[r%sintdt]7+ [2/fcostdt]7+ [/:(—4) dt]?

4 4 4
3 - E1—= 21
= [—cost w] i+ [QSmt W} 7+ {—415’#} k
V2 V21— O &
— o ——} [21~2.—}' [—— 4—}
[+ =7+ |7+ a5+ 4T
V2—
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5.3 Applications
The Tangent Vector and The Tangent Line

As we know the graph of a continuous vector function 7 (t) = a:(t)7 +
y(t)7 + z(t)z> for ¢t € [a, b] is a three-dimensional curve (c). If the
derivative 7/(t) of the vector function is also continuous function and
T'(t) # 0 for t € (a, b), then the curve given by 7 (t) is called smooth
on [a, b].

Let the curve (c) determined by the vector function 7°(t) is smooth
in a neighborhood of a point ¢y € (a, b). Let 7 (¢) and 7 (ty + h) |
h > 0 are the position vectors of the points My and M on (c). Then
the line through My and M is a secant line to (c). (Fig. 5.3) The
vector w is parallel to the secant line and is called a secant
vector. Now, if we let h go to 0, the point M approaches the point
Mp , the secant line approaches the line tangent to the curve at M,
and the secant vector w approaches the tangent vector to
the curve at My. Therefore, limy_ mo-J%?(to—):the tangent vector
at My. Thus,

o T {0+ 1) = 7 (1)

_ =
h—0 h = 7(t)

if the curve (c) determined by the vector function 7°(¢) is smooth in
[a, b].
Fig. 5.3

Since the tangent line to (c) at My is determined by the point My (x(to), y(to), z(t))
and the tangent vector 77 (¢g) at My(2(t0), y(to), 2(to)), then it has the
following vector parametric equation:

P =T () + AT (te), AreR,

where 7’ is the position vector of a point on the tangent line.

The scalar parametric equations of the tangent line to (c) at My(x(to), y(to), z(t))
are

v =z(ty) + A2'(to), y=uylto) + A (to), 2= 2(ty) + A (),

where z, y, z are coordinates of a point on the tangent line.
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We can also determine the unit tangent vector at any point M (z(t), y(t), z(t))
on (c), which is

t € [a, b.

Ezample 1. Consider the vector function 7 (#) = (t+ 1)7+\/§sint7+
—_)
(2+cost) k.

(a) The derivative 77'(t) = x’(t)7 + y’(t)7 + z’(t)%> is
) = 4 + V3 cos tj —sintk.
For ¢ = 0 the position vector is 7 (0) = (0+ 1) ¢ 4+ v/3sin 05 + (2 +
—
cos 0) k and it determine the point M(z(0), y(0), 2(0)) = M(1, 0, 3)
on (c). Hence the tangent vector at the point M (1, 0, 3) is

T0) =2 (07 +y(0) +20F% = i +v37.

T(0) = /12 + (V3)? = 2,

then the unit tangent vector at the point M(1, 0, 3) is

(b) Since

= 7'(0) _7+\/§7_1*ﬁ+\/§7

O=FGi=—= =2°*%7

(c) The scalar parametric equations for the tangent line at M (1, 0, 3)
are

v =2(0) + A2 (0),  y=y(0)+ M (0), == 2(0)+AZ(0),

1

The Normal and Binormal Vectors

. — — -
Let the graph of the vector function 7'(¢) = x +y(t) j +2(t) k for
-5
t € [a, b] is the smooth space curve (c). Let 7'(t) is the unit tangent
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vector at ¢t € [a, b]. (Fig. 5.4) There exist many vectors which are
—
orthogonal to 7'(¢). Now we will consider one more special such a

vector.
Since ﬁ?(t)] = 1 by the definition of the scalar product we have

that

TO). T =1.
Hence
0= %Eﬁ(t)?(t)} =T'(6).T @)+ T (). T"t) = 2T"(t). T ()

by the iroperty 4 of the deriva_)tives of a vector function. T herefog the
vector T(t) is orthogonal to 7'(¢) for all ¢ € [a, b]. The vector T"(t)
is called the normal vector to the curve at ¢. It may or may not be
unit. If the curve given by 7'(t) is also smooth we may define the unit

normal vector N (t) as follows:

The vector ?(t) = ?(t) X ﬁ(t), t € [a, ] is called the binormal vector

at t. According to the definition of the cross product it is orthogonal
— —

to both T'(t) and N (t) and is also an unit vector.

Fig. 5.4

Ezample 2. For the curve given by the vector function 7 (t) = etsint 7 +
— —
etcost j +e'k,t € [0,2n] we have that

T(t) = e'(sint + cost) i + e(cost — sint) ] + ek

and hence

|7'(t)] = e'\/(sint + cos t)2 + (cos t — sint)? + 1 = v/3et.

Therefore, the unit tangent vector is defined for all ¢ € [0, 27] by

40} V3¢t
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sint+cost—  cost— sint-— 1 ?

i T A

Also,
= cost—sint—  sint+cost—
T'(t) = i —
(1) 7 7
and
l?/(t)‘ = ‘1—\/(50573— sint)? + (sint + cos t)?2 = ~2~
V3 3

Thus, the unit normal vector is

T'(t)
___>
N(t) = =
| T(¢)]
cost—sint— sint+cost—
= 1 — i, tel0,2r
7 7 [0, 2]
and the binormal vector is
- - -
1 J k
= — ~ sin t+cos t cost—sint 1
B(t)=T(t) x N(t) = | sttt t -
cost—sint _ sint4cost 0
V2 V2
sint+cost— cost — sint— 2 —]:
= ] —— k.

G VBTG
Let (c) is the curve given by the vector function 7 (t) = x(t)? +
y(t)?> + z(t)? fort € I. Let M(x(t), y(t), 2(¢)) is an arbitrary point
on (c). The plane through M determined by the vectors ﬁ(t) and
§(t) is called the normal plane of (c) at M. It is clear that this plane
consists of all lines that are orthogonal to the tangent vector of (c) at
M. The plane through M determined by the vectors ?(t) and ]_\;(t) is

called the osculating plane of (¢) at M. Notice that for the plane curve,
the osculating plane is the plane that contains the curve.

Ezample 3. For the curve determined by the vector function from the
Example 2 the unit tangent, the unit normal and the binormal vectors

at t = 0 are ] 1 1
— — — —
TO)=—=17 +—3 +—k,

3 3 3
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1 — 1 —
—ﬁ E%
— 2
]—%

Also, the coordinates of the point M(z(t), y(t), z( )) on (c) for t =0
are the components of the position vector

—
k.

D
%IH
(@)

%3

7T0)=<0,1,1>.

The normal plane of (¢) at M (0, 1, 1) has a normal vector ?(O) and
hence it has the standard equation

1
+—=w—-1)+ =0

ix 1(2—1)
V3 V3 V3
or

z+y+z2—2=0.

The osculating plane of (¢) at M (0, 1, 1) has a normal vector E)(O) and
hence it has the standard equation

1 1 2
o4 —(y—1)— “=(z—1) =0
VGV ARV L
or

z+y—224+41=0.

Arc Length and Curvature

A curve that is made up of a finite number of smooth pieces is called
piecewise smooth.

Let (c) is a piecewise smooth curve given by the vector function 7 (t) =
o — —

z(t) i +y(t) j +2(t) k for t € [a, b] and (c) is traversed exactly once

as t increases from a to b. The length s of curve (c) can be calculate by

s= [ VEGOPTOF+ FOPa. (5.4)

The equality (5.4) can be proved in the same way as the formula for
the length of a plane curve. (Calculus II) Since the vector function
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7'(t) has components z/(t), i/ (t) and 2/(¢), then the equality (5.4) can
be written in a more compact form as

S_/| (8)]dt.

In case when the curve (¢) is a plane curve we obtain

5 _/ V' (1)] (t)]2dt. (5.5)

for the length of (¢).

Ezxample 4 For the length of the plane cuHe given by the vector
function 7 () = a(t — sin t) i +a(l —cost)j fort e 0, 2n] (a > 0)
we will use (5. 5) We have that

5= \/ [z/(8)]? t)2dt = a\/21—cost dt

0

2T

= 8a.

27\' t t
= 2a/ sin—dt = —4a cos—
0 2 210

Notice that a curve can be represent by more than one vector function.
Also, we can use different parameters for the representation of a curve.
We say that these are different parametrizations of the curve (c). For
example, if a plane curve (c) is given as a graph of a function y = f(z),
z € [a, b] we can parametrize the curve by

x =1, y:f<t),

and from (5.5) we obtain the known formula
b
5= / 1+ V(@) de.

If in (5.4) the upper bound of the integral is a variable ¢, ¢ € [a, b] we
can define the arc length function s = s(t) by

S(t)=/ I?’(U)IdUZ/ VI @+ (W] + [2/(w)Pdu. (5.6)
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Thus, s(t) is the length of the part of (c¢) between the points with
position vectors 7 (a) and 7 (t) (Fig. 5.5)

Fig. 5.5

If we differentiate both side of (5.6) using the Fundamental Theorem

of Calculus, we obtain
ds

= =17l (5.7)

Since £ = |7/(t)| > 0 for t € [a, b], the function s = s(t) is monotone
increasing for t € [a, b] and, hence, has an inverse ¢ = t(s). If we
substitute into the vector function 7 (¢) parameter ¢ with ¢ = ¢(s), we
obtain

T(t) = T (L(s)) = T (). (5.8)

The equation (5.8) is called the vector parametric equation of (¢) with

respect to arc length. It is easily to verify that the following Theorem

holds.

Theorem 5.3 If a curve (c) is parametrized by arc length then the unit
—

tangent vector T (s) is

T(s) = 7'(s).
Proof. We use the Chain Rule to write

_dr_drdt dr 1

7’(5) === .
ds dt ds dt d—f

From (5.7) we have

7(s) = = = T(s).

Theorem 5.3 show that if a curve is parametrized by arc length, then
the length of its derivative is constantly equal to 1. Because of that it
is often useful to parametrize a curve by arc length.

Definition 5.8 The curvature of a curve is
dT I
K= |-—
ds |’
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—y
where T is the unit tangent vector.

Using (5.7) we obtain

’ ‘_‘dT/dt‘:[?'(t)y
dsjdt | |7(0)]

From (5.9) we can obtain

w17 '<|t> Q]

EEOE

Let the curve (¢) is given by the vector function 7 (¢) and has curvature
k= K(t) at a point M(z(t), y(t), z(t)). The expression p = 1 is called
radius of curvature at M. The circle that lies in the osculating plane
of (c) at M, has the same tangent as (c) at M, lies on the concave side
of (c), and has a radius R = p = + is called osculating circle of (c) at

M. It has the same tangent, normal and curvature at M.

Example 5. For the curve given by the vector function 7 (t) = 27 +
] + ¢ k we have that

T =260 +325 + &

and
|7 (t) = V4t2 + 9t4 + 1.
Also,
— —
T't) =214 +6tj
and hence,
— - —
BN cogok .
) x T =2t 32 1 |=-6ti +24 +6t%k.
2 6t 0
Therefore,

|7'(t) x 7"(t)] V3682 + 4+ 361
|

TR (4249t 4 1)3/2
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The curvature of the curve at M (1, 1, 1) can be obtained for t = 1

Vi
v

and the radius of curvature at M (1, 1, 1) is
=L - 7v/14
TR T Vs

The curvature of the curve at the origin O(0, 0, 0) can be obtained for
t=0

~(1)

k(0) =2
and the radius of curvature at O(0, 0, 0) is
1 1
0)= —==-=.
p(0) 20 2

Velocity and Acceleration

Let 7°(t) = x(t) ¢ +y(t) 7 + 2(t) k be a differentiable vector function
on I. The location of a moving object at time ¢y can be given by the
point M (z(to), y(to), 2(to)) on the graph of the vector function 7 (¢)
described by the position vector 7 (t5) = 30(750)7> + y(to)? + z(to)?.
The average velocity between the times tq and tg + h would be

_ T to+h) =7 (t)

Vo(to) = - :

As h gets close to 0, the vector T (tg+h) gets close to the vector 7 (t;)
and we can define the instantaneous velocity at time t, as

T (to + h) — 7 (to) _

— .
=1
vlto) = iy

(to).

Notice that velocity at ¢, is a vector v (ty) = 7'(ty) = x’(to)? +
— —
y'(to) 7 +2'(to) k. Since 7 (t) is differentiable at any point ¢ € I, then
we obtain the velocity function for 7°(t) on the interval I as

TH=T')=2®7 +y )T +7O)Fk, tecl
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By the speed of an object at ¢, we shall mean the length of the velocity
vector |V (to)| = | 7" (tg)].

Similarly, we define the acceleration of a moving object in space at the
moment ¢, as rate of change of velocity with respect to time

@ (to) = U (to)

or
@to) = T"(to) = 2"(to) © +1"(to) 7 + 2"(to) k.

Ezample 6. The position vector of a moving object is given by 7 (t) =
— — —
(2 4+1)7 +t37 +(2—t)k . Since

T =270 +327 — &

and . _
Tt) =214 +6t7,
then the velocity, speed, and acceleration of the object when ¢ = 2 are

TR =T2) =47 +127 - k,

|7(2)] = /42 + 122 + (—1)% = V161,
TR =T"2) =27 +127.



